Geometric Properties of Static EMdL Horizons 
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We study non-degenerate and degenerate (extremal) Killing horizons of arbitrary geometry and 
topology within the Einstein-Maxwell-dilaton model with a Liouville potential (the EMdL model) 
in d-dimensional (d ^ 4) static space-times. Using Israel's description of a static space-time, we 
construct the EMdL equations and the space-time curvature invariants: the Ricci scalar, the square 
of the Ricci tensor, and the Kretschmann scalar. Assuming that space-time metric functions and 
the model fields are real analytic functions in the vicinity of a space-time horizon, we study behavior 
of the space-time metric and the fields near the horizon and derive relations between the space-time 
curvature invariants calculated on the horizon and geometric invariants of the horizon surface. The 
derived relations generalize the similar relations known for horizons of static four and 5-dimensional 
vacuum and 4-dimensional electrovacuum space-times. Our analysis shows that all the extremal 
horizon surfaces are Einstein spaces. We present necessary conditions for existence of static extremal 
horizons within the EMdL model. 
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I. INTRODUCTION 



The Einstein-Maxwell-dilaton model with a Liouville 
potential (the EMdL model) follows from low energy 
string theories and can be obtained by dimensional re- 
duction of a higher-dimensional Einstein-Maxwell the- 
ory with a cosmological constant. Some exact solutions 
to the EMdL equations, including solutions representing 
black holes, were derived and analyzed in [ij. Later it 
was demonstrated that no static, spherically symmet- 
ric, asymptotically flat or (anti)-de Sitter ((a)dS) so- 
lutions to d-dimensional {d ^ 3) EMdL equations ex- 
ist 0- Static, spherically symmetric, non-(a)dS, non- 
asymptotically flat solutions to d-dimensional (d ^ 4) 
EMdL equations which represent black holes were dis- 
cussed in 0. In particular, three families of black hole 
solutions were constructed and analyzed. The first family 
of solutions has two horizons (or one extremal horizon) 
if a-^ < 2/((i — 2), where a is the dilaton coupling con- 
stant (see the action ^ below) , and there is one horizon 
if a? > 2/(d — 2). A black hole solution does not ex- 
ist for = 2/{d— 2). The second family of solutions 
has only one horizon, while the third family exists only 
for non-zero value of electric charge. Due to the compli- 
cated form of the lapse function an explicit location of 
the horizons of the third family is not known. However, 
in 4-dimensional case a single horizon exists for a = — 1. 
If the cosmological constant A is positive and a? < 1/3 
or > 1 there can be none, one, two horizons, or an 
extremal horizon. If A < or 1/3 < < 1, there 
is a single horizon. Static topological black hole solu- 
tions^ to 4-dimensional EMdL equations with A < 0, 
whose horizon surface has zero or negative constant cur- 
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vature, were obtained in Ig, and static black plane so- 
lutions were studied in Static black hole solutions 
to the d-dimcnsional EMdL model whose horizon surface 
has zero, positive, or negative constant curvature were 
constructed in Q . Black hole solutions to d-dimensional 
EMdL equations were constructed in by using dimen- 
sional reduction of (d + l)-dimensional black string solu- 
tions of the Einstein gravity with a negative cosmological 
constant and by applying an SL{2, R) transformation to 
(d — l)-dimensional action. These solutions have dilaton 
field diverging at asymptotic infinity, such that the corre- 
sponding Liouville potential vanishes. Cylindrically sym- 
metric solutions to d-dimensional EMdL equations were 
analyzed, and 4-dimensional cylindrically symmetric so- 
lutions representing black holes and gravitating solitons 
were found in (lo| . A general d-dimensional, cylindrically 
symmetric solution was obtained for a certain relation be- 
tween coupling constants. Spherically symmetric, dyonic 
black hole solutions to d-dimensional EMdL equations 
were derived in 
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Having the relatively rich variety of solutions to the 
EMdL equations which possess regular horizon(s), one is 
interested to know what types of regular horizons exist 
within the EMdL model and what are their properties. 
It is of customary interest to study regular extremal hori- 
zons within this model. Regular extremal horizons within 
other models and their near-horizon geometry were stud- 
ied, e.g. in [l^^isj . In particular, in [l2| four and 5- 
dimensional extremal horizons and their near- horizon ge- 
ometry were studied within a more general model which 
includes many abelian vector fields and scalar fields and 
which can be reduced to the EMdL model. 

In this paper we shall study static Killing horizons 
of arbitrary geometry and topology within the EMdL 
model in d-dimensional (d ^ 4) space-times with elec- 
trostatic field. By "static horizons of arbitrary geometry 
and topology" we mean such horizons whose correspond- 
ing space-time can be foliated by {d — 2)-dimensional 
equipotential surfaces with no vanishing gradient. Given 
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the EMdL action, we are interested to know if there are 
associated static solutions to the corresponding EMdL 
equations which have regular Killing horizons. Here we 
shall consider both non-degenerate and degenerate (ex- 
tremal) Killing horizons. Such horizons can be horizons 
associated with black objects or space-time cosmologi- 
cal horizons. To find if such horizons exist, one needs 
to solve the EMdL equations with no spatial symmetry 
imposed, which is a formidable problem. Here we shall 
undertake a less difficult task. Namely, we assume that 
space-time metric functions and the model fields are real 
analytic functions in the vicinity of a space-time Killing 
horizon. Substituting analytic expansions of the metric 
functions and fields near the horizon into the EMdL equa- 
tions we derive equations for the expansion coefhcients. 
Solving these equations, we can derive the higher order 
expansion coefficients in terms of those corresponding to 
the metric functions and fields defined on the horizon. 
These expansions allow us to formulate necessary condi- 
tions for existence of regular extremal horizons. We call 
the conditions necessary because the space-time outside 
a regular extremal horizon may have singularities which 
are located beyond the radius of convergence of the ex- 
pansions. Existence or non-existence of such singularities 
can be established if a global solution is constructed. 

To study geometric properties of regular Killing hori- 
zons we restrict ourselves to the space-time curvature in- 
variants: the Ricci scalar, the square of the Ricci tensor, 
and the Krctschniann scalar. Substituting the expan- 
sions into expressions for the space-time curvature in- 
variants we derive relations between the space-time cur- 
vature invariants calculated on the Killing horizon and 
geometric invariants of the horizon surface. One of such 
relations corresponding to an electrostatic 4-dimensional 
space-time was derived in [l6j . 

^n = i{n\n + \F^\n^ + (1) 

Here K.\u is the Kretschmann scalar calculated on the 
space-time horizon TZ\-h is the Ricci scalar of the 
horizon surface, and F'^\-}i is the electromagnetic field 
invariant calculated on the horizon. This relation is a 
generalization of an analogous relation corresponding to 
a 4-dimensional vacuum static space-time with a Killing 
horizon . It was used in to calculate vacuum en- 
ergy density near a static 4-dimensional black hole using 
Page's [l3 and Brown's [l^ approximations. An analo- 
gous relation was derived for horizon of a 5-dimensional 
vacuum static space-time in (20| . 

K,\h = 67^AB7^'^^|«. (2) 

Here TZabT^'^^I-h is the square of the Ricci tensor of the 
3-dimensional horizon surface. In this paper we derive 
relations which generalize the relations above to horizons 
of static d-dimcnsional space-times of the EMdL model. 

Let us note that throughout our paper we shall con- 
sider only secondary scalar hair which are induced by 



the electrostatic field and a Liouville potential, in other 
words, we shall consider a dilaton field (p [2]] |. 

Our paper is organized as follows: in Sec. II we present 
the EMdL equations. In Sec. HI using Israel's descrip- 
tion wc define general form of a static space-time met- 
ric and bring the EMdL equations to the form which is 
convenient for our analysis. Section IV contains expres- 
sions for the space-time curvature invariants. In Sec. V 
we analyze space-time geometry near non-degenerate and 
extremal horizons and derive the relations between the 
space-time curvature invariants calculated on space-time 
horizon and geometric quantities of the horizon surface. 
We shall present necessary conditions for existence of 
static extremal horizons within the EMdL model. Sum- 
mary of our results is presented in Sec. VI. 

In this paper we use the following convention of units: 
G'(d) = c = 1, where G(jj) is the c?-dimensional gravita- 
tional constant. The space-time signature is +{d — 2), 
and the sign conventions are that adopted in (22j . 



II. THE EMdL EQUATIONS 

The EMdL model in a d-dimensional space-time is de- 
fined by the following action: 



C = R- i.9"^(V,^)(V0^) - ie'^'^F^ - 2Ae-''^. (3) 

Here a, b, and A are arbitrary coupling constants, tp is 
the dilaton field, = i^^/jF"^, F^p = V^Ap - VpA^ 
is the electromagnetic field tensor, where Aa is the elec- 
tromagnetic d-potential, and Ae"*"^ is a Liouville poten- 
tial which one may consider as an effective "cosmological 
constant" . Here and in what follows, Va denotes the co- 
variant derivative defined with respect to a d-dimensional 
metric gap. 

The action ([3]) covers the following cases: the case 
6 = reduces the Liouville potential to the cosmological 
constant A; the case a = is the Einstein-Maxwell theory 
with the scalar kinetic term and the Liouville potential. 
In a 10-dimcnsional space-time, if Fap = the action 
describes tachyon-free non-supersymmetric string theory 
(see, e.g., |23l - [27| ). For specific dimension-dependent val- 
ues of the coupling constants a and b the action ^ is the 
Kaluza-Klein reduction of a (d -I- l)-dimcnsional general 
relativity with a cosmological constant and rotation or 
twist (see, e.g., [28j). 

The EMdL equations derived from the action above 
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are the following: 

Rap — -^gapR = SttTciP , 

+ {f^-'Fp, - \F^go.p^ - e-'^Kgo^p, (4) 

V^(e"'^F"^) = 0, (5) 
V„V"(^ = ^ae'^'^F^ - 2bAe-^'^. (6) 

It is convenient to rewrite the Einstein equation (|4]) in 
the following form: 

1 2Ae~^''' 

Rap = ^(VaV?)(V/3(/:)) + gap 

In the next section we present these equations in the form 
corresponding to a static space-time. 

III. STATIC EMdL SPACE-TIME 

Here we shall focus on static, d-dimensional {d ^ 4) 
space-times of arbitrary geometry and topology (in the 
sense discussed in the Introduction) and use Israel's de- 
scription [29l - l3]| . Such space-times admit a Killing vec- 
tor = S^Q, (a;° = t, and t is coordinate time), which is 
timelike in the domain of interest: ^"^q = goo = < 
0, and hypcrsurface t — const orthogonal. Thus, the 
space-time metric gap, («,/?,•■■ =0, 1) can be pre- 

sented in the following form: 

ds^ = g^pdx'^dx^ = -k^df + jabdx^dx^ , (8) 

where jab = Jab{x'^), (a, b, c, ... = 1, d— 1), is the metric 
on a (d— l)-dimensional hypcrsurface t = const. Assum- 
ing that {Wak){'S/°'k) vanishes nowhere in the domain of 
interest, we can define k as one of the space-time coor- 
dinates in the domain and consider (d — 2)-dimensional 
equipotential spacelike surfaces Sfc of constant k and t. 
The norm of the spacelike vector 6^ = Va/c, which is 
orthogonal to Sfc, is 

n\k,x^) ^ = /'^ = -i(V"e^)(V„e/.) . (9) 

Thus, the metric ([8]) can be written in the following form: 

ds^ = -k^dt^ + K-^dk^ + hABdx^dx'^. (10) 

Here Hab = hAsik^x'^), {A,B,C,... = 2,...,d- 1) is 
the metric on E^.. The space-time (|10p has a horizon H 
defined by fc = 0, which is a Killing horizon. The {d—2)- 
dimensional horizon surface is defined by fc = and t = 
const. In this section we write the EMdL equations ([5])- 
([7]) corresponding to the metric ((TU)) . 



To begin with, we consider (d— l)-dimensional hyper- 
surfaces oi t = const and use the Gauss and Codazzi 
relations (see, e.g., polls^) 

RaP'ybn'^n'k = -facSb'',t+^k\ab + kSacSb'', (11) 
Rabcd n°' ~ Si,c\d — Sfi^i^c , (12) 
Rabcd ~ Rabcd + ^{SadSbc ~ SacSbd) , (13) 

where n" = ^"/fc is a unit time- like vector orthogonal to 
a (d— l)-dimensional hypcrsurface t = const, e = n'^Ua = 
— 1, Sab is the extrinsic curvature of a hypcrsurface t = 
const defined as 

Sab = ^k^^'^ab,t , (14) 

and Rabcd is the Riemann tensor corresponding to the 
metric jab- Here and in what follows, the barred geo- 
metric quantities correspond to {d — l)-dimcnsional hy- 
persurfaces t = const, and the stroke stands for the co- 
variant derivative defined with respect to the metric jab- 
Contraction of the relations ([TT|) - P^ with the use of the 
metric (|8]) gives 

Rapn'^n'^ = -SabS"'' ~ efc"'fc|^ - k'^S^t , (15) 
i?„67i" = -S.b + 4% , (16) 

-Rah = Rab - eSSab - k^^k\ab ~ f-k~^ JacSb" ,t : (17) 

where S = j°'^Sab- Since the metric ([5]) is static. Sab 
vanishes. Thus, the expressions (|15p - p71) imply that for 
the static space-time ([8]) the Ricci tensor components are 

Ru=kk^[\ Rta^O, Rab = Rab-k-^k\ab- (18) 

Let us now write the components of the d-dimensional 
Riemann and Ricci tensors in terms of geometric quan- 
tities corresponding to a (d — 2)-dimensional surface S^. 
Applying the replacements t k, k ^ , — > 5\k, 
e 1 to the Gauss and Godazzi relations pT|) - (fT51) we 
derive 

RAkkB = k"^ {jlAcSB^^k + {l^~^);AB + K^^SacSb^) , 

(19) 

RkABC ^ I^~^{SaB;C ^ Sac:b) , (20) 
Rabcd — T^abcd + SadSbc — SacSbd , (21) 

where TZabcd is the Riemann tensor of a (d — 2)- 
dimcnsional surface E^. Here and in what follows, the 
semicolon stands for the covariant derivative defined with 
respect to the (d — 2)-dimensional metric Hab, and Sab 
is the extrinsic curvature of a surface E^ defined as 

Sab = -^KhAB,k - (22) 
For the metric ([T0|) we derive 

k\kk = n^^K,k, k\Ak = k\kA = i^^^i^.A, (23) 
k\AB = kSab , k.l"' = K^K^k +S) , S = Sa^ - (24) 
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Using the Gauss and Codazzi relations ([T9)) - ([2T)) together static d-potential 
with the relations ([25)1 and 1^^, we can write the com- 
ponents of the d-dimensional Ricci tensor ([T8|) in terms — (f>(5*^, (29) 
of geometric quantities of a (d — 2)-dimensional surface 

Sfe as follows: where $ = ^{k,x^) is an electrostatic potential. The 

corresponding components of the electromagnetic field 

Rtt = kK{K,k + S) , (25) tensor read 

^ - ' ^ ^ ^""^"^ + ^^^^^^) ' ^ ^ , ^ . (30) 

(26) 

RAk = -K"' {S,A - S/.B + k-'K,A) , (27) They give 

Rab = 7^AB - SSab - k{k-^).ab - KhAcSjf^k ^2 ^ _2/c-2^ ^^■'^ = -2fc"2(K2$\ + $ A$"^) , (31) 

-/c-1k5ab. (28) (k2$2^^ + (32) 

Here 72.^3 is the Ricci tensor of a (d — 2)-dimcnsional F^"Fi,a ~ — fc ■^*&,a*i',6 • (33) 

surface S^. 

Let us now define the electromagnetic field tensor Fap The dilaton field (p does not depend on time, i.e. ^p — 

in the static space-time pUj) . We consider the electro- ip{k,x^). 



Using Eqs. (P5|) - ([55|) we can present the EMdL equations ©-([T]) in the following form: 
the Maxwell equation ([5]) 

fc(fc-^ V)lKe°'^$,fc),fc + {K-^\fhe''^^'^)^A = , (34) 

the Klein- Gordon equation ^ 

{kny/hip^k)^k + {kK-^y^h^^^^A).B = -^k-^K-^y^e'"^{K^<P% + <P,c<^'^) - 2bAkK-^Vhe-'"^ , (35) 
and the Einstein equation ([7]) 

^"^"^^ + '^^ = 2^^ + ^'-^^'^^ " ' (^^^ 

-K-i(5 , + + ^-^Sa^Sb^ + fc-i..,,) = i - l^e'^'^ [{d - 3)«:2$2^ - ^^^cj,-^] + e'^^ (37) 

-^-1(5 A - Sf.B + fc^'^.A) = \ ^,A^>M - ifc-2e'^'^$,fc$,A , (38) 
Hab - - k('«"^);Ab - K.hAcSB,k - k'^nSAB = ^ "^,^^,5 - ^fc"^e'''^*,yi*,s 

1,-2 OA 

gac,(^2^2^^ + $,c$'C^)/.^B + —-e-^^hAB ■ (39) 



Here /i = detiJiAB^- Taking the trace of Eq. and using Eqs. ([55]) and ([57]) we derive 

7e - 52 + 5/5/ + 2fc-iAtAt,fc = \{^,A^'^ - v,kV^k) + 2(d-2f ''^ [^^"^ " + " 4)(f>,^ci>'^] 

+ ^Ae-^. (40) 
I 

In Sec. V we construct approximate solutions to these IV. SPACE-TIME CURVATURE INVARIANTS 

equations in the vicinity of space-time Killing horizon H. 



In this section we present expressions of the space-time 
curvature invariants corresponding to the static space- 
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time ([To]) such as the Ricci scalar R = g^^Rap, the 
square of the Ricci tensor R^pR"^^ , and the Kretschmann 
scalar JC = Rap^s R"^^^ , in terms of geometric quantities 
of a (d — 2)-dimensional surface Sfe. Using Eqs. (|25p 
we derive the d-dimensional Ricci scalar 



R 



s/s/ + n-s\ (41) 



where TZ = TZ^ is the Ricci scalar defined on E^.. The 
square of the c?-dimensional Ricci tensor reads 

+ 2 {S.A - + k-^^.A) {S'^ - SjS + k~'n'^) 

+ [Rab - SSab - k{k~^)-ab - KhAcS^' k - k'^nSAB] 

X [7^^^ - 55^^ - - - k'^KS^^] . 

(42) 

To calculate the Kretschmann scalar we need to derive 
the d-dimensional Riemann tensor components. Using 
Eqs. pT|) - (fT4|) for the static space-time ([8]) we derive 



Ra 



ttb 



-kklab , Rtabc = , Rabcd — Rabcd ■ (43) 



Then the Kretschmann scalar of the static space-time 
can be presented in the following form: 

/C = RcpysR'^^''' = ^k'^k^abk^'''' + iRkABcR"'"'''' 
+ iRAkkBR^'^''^ + RabcdR^'''"' ■ (44) 

For d ^ 5 the (d — 2)-dimcnsional Riemann tensor com- 
ponents TZabc d corresponding to the metric Hab can be 
presented as follows (see, e.g., [11], p. 32): 



Rabcd — Cabcd 



1 



-{hAcTlBD 



(d-4) 

^bdRac — hAoRsc — hBcTZAo) 

R {hAchBD — hADflBc) 



(d-3)(d-4) 



(45) 



where Cabcd is the Weyl tensor defined on S^. For 
d = 5 the Weyl tensor Cabcd vanishes identically. This 
expression implies 



RabcdR 



ABCD 



CabcdC 



ABCD 



d-4 



RabR 



AB 



(d-3)(d-4) 



(46) 



For d = 4 the 2-dimensional Reimann tensor components 
corresponding to the metric Hab have the following form: 

Rabcd = ^{hAchBD - hADhBc)TZ. (47) 



This expression implies 



RabcdR 



ABCD 



7^' , Rab = 7^/^As7^ . (48) 



Using the expressions we derive the 

Kretschmann scalar for the static d-dimensional 
(d ^ 5) space-time ((TU)) 

+ [hAch''''Sjf^kSD''M + 2K-'SAcS^^Sjf^k 
+ 2K-\n-^),ABS^cS^^ + 2(«-i)^f 5/,, 

+ {^-');AB{t^-'y^''] +85^^^^(5^B;C-5^C;b) 

I p pABCD I np cAD cBC 

+ I^ABCD^ + ^^ABCD'^ O 



AC qBD 



^CabcdS S I , . 

d — 4 

2SS^^Rab + 2RAcSg S 
2 



{RabR 



AB 



-R (R - 2S^ + 2SabS 



AB\ 



(d-3)(d-4) 
+ 2SabS^''ScdS^'' +2SacS''''SbdS^'' , (49) 
and for the static 4-dimensional space-time (fTO|) 
K. = Ak-^K^ {k\ + 2k-'^k^ah''^ + SabS'^^) 

+ Ak^ [hAch''''S^,kSD^,k + 2K-^SAcS''''S^,k 
+ 2K''\n-\ABS^cS^'^ + 2(^-i)^f 5/,, 

+ (k-1);Ab(«;-')^^^] +85^^^^(5^b;C-5ac;b) 
+ 7^2 + 27^ {SabS^^ - + 2SabS'^^ScdS^° 
+ 2SacS''^SbdS'''' . (50) 

The expressions (gl]), (gg)) and (gS]), dSHl) define the space- 
time curvature invariants everywhere in the space-time 
(fTO| . In the next section we calculate the space-time 
curvature invariants on its Killing horizon R. 



V. GEOMETRY NEAR THE HORIZON 

In this section we derive asymptotic behavior of the 
metric (fTO|) . its related geometric quantities, the electro- 
static potential and the dilaton field ip near the Killing 
horizon R (k = 0). Equations and ((Mll-dini), to- 

gether with the definition (|22|) provide a complete system 
of equations for determining such an asymptotic behav- 
ior. Assuming that the metric functions k and Habi and 
the fields $ and ip are real analytic functions of k in the 
vicinity of we construct the following series expan- 
sions: 

A = {k, hAB,SAB,S, Rab,R, F^,p}, (51) 

which converge in the vicinity of %. Here the first term 
_4[o] corresponds to the value of A calculated on the hori- 
zon, i.e. = A\-H- We have two types of quantities. 
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d-dimensional and (d — 2)-dinicnsional which are defined 
on Sfe surfaces. If v4 is a d-dimcnsional quantity, e.g. 
or /C, then A\'n is its value on the {d — l)-dimensional 
horizon % defined by fc = 0; if ^ is a (d— 2)-dimensional 
quantity, e.g. Sab or TZab, then A\-h is its value on 
the {d — 2)-dimensional horizon surface Sfc defined by 
t = const, k = 0. 

A substitution of the expansions ([51]) into the EMdL 
equations (p4)) - pO)) gives equations for the expansion co- 
efficients v4["l . The lowest order terms corresponding to 
and give 

=0, (52) 
kIo] = const , = const , (53) 

kMkW=0, /^M4%=0. (54) 

Equation (j53p means that the horizon surface gravity and 
the electrostatic potential are constant on the horizon. 

Assuming that k^^I ^ and V7i' ' 7^ 0, equations ([5^ 
and (|54| imply 

$m^0, kW==0, 4"i3=0. (55) 
According to the definition (P^. we have 

- + 1(.W/.I^1, + 2n^°^h^^^)k + ... . (56) 



As we said in the Introduction, we shall consider only 
secondary scalar hair induced by the electrostatic field 
and Liouville potential. According to the expression (|6T|) , 
we have to put 

(^M = const . (62) 

Hence, all the terms in the expressions above which in- 
volve derivatives of ip^^^ vanish. The condition (|62|) is 
necessary condition which excludes non-zero scalar ki- 
netic term in the action for vanishing electrostatic 
field and the Liouville potential. 



Thus, equations ([55]) and (|56)) imply 



hZ = 0. (57) 



According to Eq. ([56)) for k^^I = we again have S^g = 
0. Thus, in both cases k'^I = const 7^ and k'^' = the 
horizon surface is a totally geodesic surface. 

The case = const ^ corresponds to a non- 
degenerate Killing horizon, while the case k'^I = cor- 
responds to a degenerate (extremal) Killing horizon. In 
what follows, we shall consider these cases separately. 



A. Non-degenerate Horizon 

The higher order expansion coefficients ^'"l corre- 
sponding to = const ^ can be derived by plugging 
the expansions ((HJ) into the EMdL equations ([M)) - ([^ 
and by using Eqs. ([53]) . ([55)) -([57 |) . together with Eg. ([3T1) . 
We derive the following first and second order expansion 
coefficients: 



(58) 
(59) 

(60) 
(61) 



The derived expansion coefficients define the metric 
and the fields near non-degenerate horizon of a general 
static d-dimensional analytic solution to the EMdL equa- 
tions. Given the coupling constants a, &, and A, such a 
solution is defined in terms of the three constants k^^\ 
(^[0], and $M, and 1 + {d - l)(d - 2)/2 functions i^^M 

and h^AB- 

Let us now calculate the space-time curvature invari- 
ants dH]), ([42]), and ((49l), ([50]) on a non-degenerate hori- 
zon using the expansion coefficients derived above. Sub- 
stituting the expansions ([?T|) into the expressions ([1T|) 
and (j42p and taking the terms corresponding to fc" we 



^[2l^(4KM)-i(i^[V'"'''-^'"'- 



_^a^i°'> p2[0] 



4(<i-2)" ' ' d-2 



Ae-"^" 



"-AS 



n 



[0] 
AB 



A{d-2) ' 



'-AB 



2Ae-'"^ 
d-2 



[0] 



MS 



s 



[2] 
AB 



$[2] ^ ± 



2V2k[01 ' 

V 4 ' 16 



[0] 



r 
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derive the Ricci scalar and the square of the Ricci tensor 
calculated on the horizon % 



R\ 



n 



d~4 
4(d-2)' 



2dA 



-bif 



[0] 



n^^n i6(d-2)2 ^ ^ 



(^-4)A (a-b)^l"lj.2f0l 

(^-2)2"^ ' (d-2)2' 



(63) 



(64) 



Note that is negative for A < 0. 

To calculate the Kretschmann scalar K, on the horizon 
we substitute the expansions (|5ip into the expressions 
P5)) and ([SO]) . and take the terms corresponding to . 
For a d-dimensional {d ^ 5) static space-time we derive 



2(rf- 2) 



+ 



(d-2)(d-5) 
(d-4)(d-3) 



(7^[0])2 



(9d2_46d + 60) ,,^101 ,^01 , 
^ 16(d-2)2 ^ 

_ (3d^-18 + 28)^^(,_,)^[c,^2[o] 



{d-2 
4(d2-6d+12) 
^^^2p 



A2e"2b^ 



[0] 



(65) 



solution with a cosmological constant was derived in [37| . 
Distorted, static, axisymmetric, four and 5-dimensional 
vacuum and 4-dimensional electrovacuum black holes 
were studied in e.g. 13, [H, [111 and [H, S^, EH , respec- 
tively. Note that the d-dimensional Rindler space-time 
corresponds to k = const, iy9 = $ = A = 0, and the flat 
Riemannian metric Hab- 



B. Extremal Horizon 

Let us now consider the extremal case k'^I = 0. Plug- 
ging the expansions ([FT]) into the EMdL equations ([M)) - 
(Uni) we derive 



k'^' — const , ^^^^ = const . 



(67) 



The constant values of k^^I and $[^1 are calculated in 
terms of the coupling constants a, b, and A, the electro- 
static field potential and the dilaton field <^["I from 
the following equations: 

4Ae-^^'"' + (kW)2 (2(d- 2) - (d - 3)($[il)2e-^'"') = 0, 

(68) 

2^[ol/ + a(K[il)2(cI>W)2e-^™ + 46Ae-^^™ = . (69) 

The first equation implies that for general values of the 
coupling constants and <I>[^1 we have 



[0] 



const . 



(70) 



where C^abcd Weyl tensor corresponding to the 

horizon surface. For c? = 5 we have Cabcd = 0. The 
Kretschmann scalar calculated on the horizon of a 4- 
dimensional static space-time is 

JC\h = 3(7^[°l)2+ 0F2["le-^'°' -4Ae-^^'°'^7^[°l 



_2_g2a<pl°l/_p2[0]-j2 _ ^2[0]^g(a-b), 

16 



,[01 



J7^^^[ol, and 4"l5c^C'4^^^[0l are finite. 



(66) 



The expressions ()65p and (|66| are generalizations of the 
known expressions ([1} and © . According to the expres- 
sions ((63|) - (|66| . if the fields and if are finite on a non- 
degenrate horizon and if the horizon surface is regular, 
i.e. 7^M, n%n^^i°K and ^'"l 
then the horizon is regular. 

Let us mention a few examples of static solutions of 
the EMdL model which have non-degenerate Killing hori- 
zon. Exact black hole solutions to the EMdL equations 
with non-degenerate horizon can be found in [l| and [2lj 
(see p. 350). Spherically symmetric solutions represent- 
ing black holes and black st ring s without a Liouville po- 
tential were derived in (s^ . |35| . Distorted, axisymmet- 
ric, chargedj_4-dimensional dilaton black holes were con- 
structed in l36i. The d-dimensional Reissner- Nordstrom 



Thus, in Eq. ([69|) the first term vanishes. Note that 
in the extremal case the condition ((70|) follows directly 
from the EMdL equations, while in the case of a non- 
degenerate horizon the same condition (j62p is imposed by 
hand, in accordance with the secondary hair condition. 

The Ricci tensor of the horizon surface is defined by 
the following expression: 



n 



[0] _ 
AB ~ 



1 



2(d-2) 



4Ae-''^™ + («W)2($W)2e«^™)/i|4"l5. 



(71) 



According to this expression, the extremal horizon sur- 
face is an Einstein space. It was shown in [42| that 
spatially compact extremal horizons in d-dimensional 
{d ^ 4) adS space-times are compact Einstein spaces of 
negative curvature. 

The electromagnetic field invariant (PT|) calculated on 
the extremal horizon is given by 

F^M ^-2(kW)2($W)2. (72) 
According to the expressions ([7T|) and ([7^ . for 



A < _F2[O]g(a+6)0 

8 



[0] 



(73) 



the extremal horizon surface has negative curvature. 
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Solving Eqs. ^ and ^ for kI^I and <E>[il, we can 
derive the Ricci tensor (|7ip , the electromagnetic field in- 
variant ()72p . and the space-time curvature invariants R, 
RapR"^ , and K. calculated on the extremal horizon. 

According to Eqs. (|68 |) -(|72 |) . the metric and the fields 
depend on values of the coupling constants a, b, and A. 
There are six cases, which we shall consider separately. 



1. Case a/0, A/0 



2. Case a / 0, & = 0, A / 

This case follows from the previous case by setting 
6 = 0. According to the expression ([74| for a 
real solution exists only for A < 0. The electromagnetic 
field invariant vanishes on the horizon = 0. Note 

also that in this case the space-time curvature invariants: 
the Ricci scalar, the square of the Ricci tensor, and the 
Kretschmann scalar calculated on the extremal horizon 
do not depend on the dilaton coupling constant a. 



In this case we have 



3. Case a / 0, A = 



a(d — 2) 
a + b{d — 3) ' a 



■{a+b)ip 



10] 



,[0] 



2A(q - b) _by[oi [0] 



aid -2)^ 



2A 



-bif 



[0] 



(74) 



A solution with real values of k^^I and <I>[^1 exists for A > 
0, when a > and b < —a/{d — 3), or a < and 6 > 
—a/{d — 3), and for A < 0, when a > and 6 > 0, or 
a < and 6 < 0. In the case a = b ^ Q the extremal 
horizon surface is a Ricci flat Riemannian surface. Some 
examples of the Case 1 are discussed in Q, and in the 
case of 4-dimensional space-times in 0] and ■ 

Substituting the expansions ()5ip into the expressions 
(gH), (gl]), and (gni), dSni) and taking the terms corre- 
sponding to we derive the following space-time curva- 
ture invariants calculated on the extremal horizon; the 
Ricci scalar 



= -^—-[ad + b{d - 4)] 



a{d~2) 
the square of the Ricci tensor 



(75) 



RobR' 



a/3 I 



X [a'^d + 2ab{d - 4) + b'^{2d'^ - llrf + 16)] , (76) 



the Kretschmann scalar {d > 5) 

8A2g-2hvi«i /2[a + 6(d-3)]2 (a-&)2 



/CI 



n 



a^{d~2) 

r,[0] f^ABCD[0] 



d-2 



d-3 



(77) 



where for d = 5 we have Cabcd = 0, and the 
Kretschmann scalar (d = 4) 



IC\n = 



8A\a^ + b^) _2fc^ioi 



(78) 



According to Eqs. (|68| and (|69)) . in this case we have 
kI^I = 0. Note that in contrast to the general Case 1, in 
this particular case we have to set by hand ip^^^ = const 
in Eq. (|69p . in accordance with the secondary scalar 
hair condition. Calculating the higher order terms in the 
expansions (|5ip we derive 



= ^[^1 = ... = , $[^1 = const , $[^1 = const, ... . 

(79) 

Here the constant values of <I>["1, ?i ^ 1 are arbitrary 
and not related to each other. Thus, the electrostatic 
potential $ is not defined and k = 0. This implies 
that there are no extremal horizons corresponding to this 
case within the analytic expansions (jSip . Known static 
and spherically symmetric solutions corresponding to this 
case have singular extremal horizon, see e.g. [l[ and [2l| 
(p. 350). 



4. Case a = 6 = 0, A / 

In this case the secondary scalar hair condition implies 
that Eq. is an identity. Using Eqs. and ((7^ 

we can express k^^' and <l>t^l in terms of = const as 
follows: 



8A+(d-3)f^M 



($[1])2 



2(rf-2)F2 



(80) 



(81) 



8A -I- (d - 3)F2[ol ■ 

Note that a solution with real values of k'^I and $1^1 ex- 
its only for 8A + (d - 3)F^^°^ > 0. Substituting these 
expressions into Eq. (|7ip we derive 

n%^'-^^h%, 7eM=2A-V[r (82) 

Note that electrically charged or neutral (a)dS black holes 
belong to this case (see, e.g. [37|). 

The space-time curvature invariants calculated on the 
extremal horizon corresponding to this case are the fol- 
lowing: the Ricci scalar (|4T|) 



R\ 



H 



8Ad +{d- A)F 
4(d- 2) 



2[0] 



(83) 
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the square of the Ricci tensor (|42l 
1 



16(d-2)2 
+ (F2["l)2(2d2_iid+i6) 



64dA2 + 16AF2[ol(d-4) 

(84) 



the Kretschmann scalar (|49p (d ^ 5) 



1 



- C^bcdC +8{d-2nd-3) 



64A2(3d - 8) + 16AF2[ol(2d - 5)((i - 4) 



+ (F2["l)2(2(i3 - 18rf2 + 55d-56) 



(85) 



where for d = 5 we have Cabcd = 0, and the 
Kretschmann scalar ([5(1)) (d = 4) 



o 



5. Case a = 0, A = 



(86) 



This case follows from the previous case by setting A = 
0. The d-dimcnsional extremal Reissner- Nordstrom black 
hole belongs to this case (see, e.g. f37|). 



6. Case a = 0, A/0 

From Eqs. ([M]) and (fTO)) we conclude that in this case 
no extremal horizons corresponding to the analytic ex- 
pansions (|5T|) exist. 

The conditions presented in the cases above are neces- 
sary conditions for existence of static extremal horizons 
within the EMdL model. One should keep in mind that 
the external to such an extremal horizon space-time re- 
gion may have singularities located beyond the radius of 
the convergence of the expansions (j51|) . In addition, one 
has to rule out the points in the external region where 
K = 0, i.e. the points where gradient to equipotential 
surfaces Sfe vanishes (see Eq. ©). At such points Is- 
rael's description becomes inapplicable. If at such a point 
space-time is regular, one may consider another coordi- 
nate system in the vicinity of this point. Moreover, the 
condition (|70p may not imply the secondary hair con- 
dition as such, and one may need to impose an addi- 
tional condition to ensure that the expansion coefficients 
(yjl"!, n ^ 1 vanish identically for vanishing electrostatic 
field and the Liouville potential. All these important is- 
sues can be addressed to non-degenerate horizons as well. 
Such issues are related to detailed and involved analy- 
sis of space-times at hand which we shall not undertake 
here. The interested reader can find explicit examples of 
near- horizon geometries of extremal static and stationary 
horizons in, e.g. [l^ - [l5| . 



VI. SUMMARY 



Let us summarize our results. We studied the geo- 
metric properties of static non-degenerate and degener- 
ate (extremal) Killing horizons of arbitrary geometry and 
topology within the EMdL model under assumption that 
the metric functions and fields are analytic in the vicin- 
ity of the horizons. Such horizons have zero extrinsic 
curvature, constant surface gravity, and the electrostatic 
potential is constant on such horizons. The presence of 
a dilaton field corresponding to the secondary scalar hair 
imposes an additional condition: the dilaton field should 
be constant on non-degenerate horizons. However, in 
the case of an extremal horizon this condition follows 
directly form the EMdL equations, except for the Case 
3, which corresponds to zero Liouville potential, and for 
the Case 4, which corresponds to a = 6 = 0. We de- 
rived the relations between space-time curvature invari- 
ants (the Ricci scalar, the square of the Ricci tensor, and 
the Kretschmann scalar) calculated on static EMdL hori- 
zons and the geometric quantities corresponding to the 
horizons surface. These relations are generalizations of 
the analogous known relations for horizons of static four 
and 5-dimensional vacuum and 4-dimcnsional electrovac- 
uum space-times (see Eqs. ^ and We have shown 
that all static extremal horizon surfaces of the EMdL 
model which correspond to the analytic expansions (|5ip 
of the metric functions and fields arc Einstein spaces, 
and presented the necessary conditions for existence of 
static extremal horizons within the EMdL model. In the 
case a = b and A 7^ surface of such an extremal 
horizon is Ricci flat. In contrast to a non-extremal hori- 
zon, in the general Case 1 the electromagnetic field in- 
variant F'^ calculated on the horizon is not an arbitrary 
constant, and is defined in terms of the coupling con- 
stants a, 6, and A, and the dilaton field ip calculated on 
the horizon. In the particular case 6 = [Case 2) cor- 
responding to a negative cosmological constant A < 0, 
the electromagnetic field invariant F'^ vanishes on the 
extremal horizon. It is interesting that in this case the 
space-time curvature invariants, i.e. the Ricci scalar, the 
square of the Ricci tensor, and the Kretschmann scalar, 
calculated on the extremal horizon do not depend on the 
dilaton coupling constant a. We also found that in the 
case of zero cosmological constant ( Case 3) or vanishing 
dilaton coupling constant ( Case 6) extremal horizons do 
not exist. Exact analytic solutions to the EMdL model 
support these necessary conditions. We believe that the 
approach presented here can be used for studying other 
models which contain more fields. This approach allows 
one to construct geometry near horizon of a static space- 
time at hand. Once such geometry is known, one can 
define the corresponding global space-time structure and 
analyze its properties. The geometric properties of the 
horizons presented here may be important for applica- 
tions to holographic models as well as for understanding 
of properties of space-time horizons in general. 
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